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ON THE CONTINUITY OF PROBABILISTIC DISTANCE
DRAGOLJUB J. KEČKIĆ AND MARINA M. MILOVANOVIĆ-ARANÐELOVIĆ
Abstract. The famous result of B. Schweizer and A. Sklar [Pacific J Math
10(1960) 313–334 - Theorem 8.2] asserts that, given a probabilistic metric
space (X,F , t), F = {Fp,q : p, q ∈ X}, we have Fpn,qn (x) → Fp,q(x) provided
that Fp,q is continuous at x and t is continuous and stronger then Łukasiwicz’s
t-norm. We extend this result to arbitrary continuous triangular norms, i.e.
we omit the condition "t is stronger then Łukasiewicz’s".
1. Introduction and Preliminaries
Probabilistic metric spaces were introduced by K. Menger [2]. In these spaces,
instead of the distance d(p, q) between points p and q, we consider the distribution
functions Fp,q(x) and interpret its values as the probability that the distance from
p to q is less than x.
Recall that a distribution function is a nondecreasing, left continuous mapping
F : R → [0, 1] such that inf{F (x) : x ∈ R} = 0 and sup{F (x) : x ∈ R} = 1. Let L
denote the collection of all distribution functions F : R→ [0, 1].
Definition 1. A probabilistic metric space is an ordered pair (X,F) where X is an
nonempty set and F is a mapping from X×X to L. The value of F at (p, q) ∈ X×X
will be denoted by Fp,q. The functions Fp,q (p, q ∈ X) are assumed to satisfy the
following conditions:
(a) Fp,q(x) = 1 for all x > 0 if and only if p = q;
(b) Fp,q(0) = 0;
(c) Fp,q = Fq,p
(d) Fp,q(x) = 1 and Fq,r(y) = 1 imply Fp,r(x+ y) = 1.
Given a probabilistic metric space (X,F), the family of sets
Up(ε, λ) = {q ∈ X |Fp,q(ε) > 1− λ}, p ∈ X, ε > 0, λ > 0
make a basis of some topology on X . The set Up(ε, λ) is called (ε, λ)–neighborhood
of p ∈ X . In this topology, a sequence (pn) converges to p if and only if for each
ε > 0 and each λ > 0, there exists positive integer Mε,λ, such that pn ∈ Up(ε, λ),
i.e. Fp,pn(ε) > 1− λ for all n ≥Mε,λ.
For more details on the topological preliminaries the reader is referred to [3].
Definition 2. A mapping t : [0, 1]× [0, 1]→ [0, 1] is a triangular norm (t-norm) if
it satisfies:
(1) t(a, 1) = a, t(0, 0) = 0,
(2) t(a, b) = t(b, a),
(3) t(c, d) ≥ t(a, b) for c ≥ a, d ≥ b,
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(4) t(t(a, b), c) = t(a, t(b, c)).
An example of t-norm is Łukasiewicz’s triangular norm, defined by t(a, b) =
max{a+ b− 1, 0} (see [1]).
Definition 3. Let t1 and t2 be two triangular norms. We say that t2 is stronger
then t1 if and only if:
(1) t2(a, b) ≥ t1(a, b) for all a, b ∈ [0, 1];
(2) there exists c, d ∈ [0, 1] such that t2(c, d) > t1(c, d).
Definition 4. A Menger space is a triplet (X,F , t), where (X,F) is a probabilis-
tic metric space and t is a triangular norm which satisfies the Menger’s triangle
inequality
Fp,r(x+ y) ≥ t[Fp,q(x), Fq,r(y)]
for all p, q, r ∈ X and for all x ≥ 0, y ≥ 0.
Next two theorems were presented by B. Schweizer and A. Sklar [3].
Theorem 1 (B. Schweizer and A. Sklar [3] - Theorem 8.1). If (X,F , t) is a Menger
space and t is continuous, then F is a lower semi-continuous function of points,
i.e., for every fixed x, if qn → q and pn → p, then
lim
n→∞
Fpn,qn(x) = Fp,q(x).
Theorem 2 (B. Schweizer and A. Sklar [3] - Theorem 8.2). Let (X,F , t) be a
Menger space. Suppose that t is continuous and at least as strong as Łukasziewicz
norm. Suppose further that pn → p, qn → q, and that Fp,q is continuous at x.
Then
lim
n→∞
Fpn,qn(x) = Fp,q(x).
However, there are continuous t-norms weaker then Łukasiewicz. For instance all
Sweizer-Sclar norms tp(a, b) = max{(a
p + bp − 1)1/p, 0} for 1 < p <∞. Therefore,
the condition "t is stronger then Łukasiewicz’s triangular norm" in the statement
of Theorem 2 is restrictive. In this paper we shall prove that it can be omitted.
2. Results
In this paper our main result is the following theorem, which extend Theorem 2
to Menger spaces with arbitrary continuous triangular norm.
Theorem 3. Let (X,F , t) be a Menger space, where t is continuous triangular
norm, p, q ∈ X and (pn), (qn) ⊆ X such that pn → p, qn → q. If Fp,q is continuous
at x ∈ X, then
lim
n→∞
Fpn,qn(x) = Fp,q(x).
Proof. Let t∗(a, b, c) = t(t(a, b), c). By Definition 2.–(2) and (4), the value of t∗
does not depend on permutation of numbers a, b and c. Also t∗ is increasing on
coordinates, and continuous, because t is continuous.
First, let us prove that for arbitrary an, bn, cn ∈ [0, 1], an, cn → 1 implies
(1) lim
n→∞
t∗(an, bn, cn) = lim
n→+∞
bn.
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Indeed, denote β = lim
n→∞
bn. Then for any ε > 0, there is n0 such that from
n ≥ n0 it follows bn < β+ ε. By monotonicity of t∗ and Definition 2.–(1) we obtain
t∗(an, bn, cn) ≤ t∗(1, β + ε, 1) = β + ε,
which implies:
(2) lim
n→∞
t∗(an, bn, cn) ≤ β.
On the other hand, there is a subsequence {bnk} ⊆ {bn} such that lim
k→∞
bnk = β,
and hence
(3) lim
k→∞
t∗(ank , bnk , cnk) = t∗(1, β, 1) = β,
because t∗ is a continuous function. From (2) and (3) we get (1).
Next, for all p, q, r, s ∈ X and a, b, c ∈ [0, 1], by Menger’s triangle inequality,
and monotonicity of t, we have
(4)
Fp,s(a+ b+ c) ≥ t(Fp,r(a+ b), Fr,s(c)) ≥
≥ t(t(Fp,q(a), Fq,r(b)), Fr,s(c)) =
= t∗(Fp,q(a), Fq,r(b), Fr,s(c)).
Now, let pn → p and qn → q, and let Fp,q be continuous at x. We have
(5) lim
n→∞
Fpn,p(ε) = 1, lim
n→∞
Fqn,q(ε) = 1.
By (4) for all ε > 0, we have
Fp,q(x + 2ε) ≥ t∗(Fp,pn(ε), Fpn,qn(x), Fqn ,q(ε)).
Passing to lim and taking account (5) and (1), we obtain
Fp,q(x+ 2ε) ≥ lim
n→∞
t∗(Fp,pn(ε), Fpn,qn(x), Fqn ,q(ε)) = lim
n→∞
Fpn,qn(x).
By continuity of Fp,q (since ε > 0 was arbitrary)
Fp,q(x) ≥ lim
n→∞
Fpn,qn(x).
Finally, from Theorem 1, we get
lim
n→∞
Fpn,qn(x) = Fp,q(x) ≥ lim
n→∞
Fpn,qn(x),
which is equivalent to
lim
n→∞
Fpn,qn(x) = Fp,q(x).
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